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Optimal, Low-Thrust, Earth–Moon Orbit Transfer
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Optimal, low-thrust, Earth–moon orbit transfers are found using the method of collocation with nonlinear
programming. The initial spacecraft Earth orbit is arbitrary; the � nal lunar orbit is arbitrary. The moon is in
its actual orbit. The vehicle dynamics include the effects of the moon’s gravity during the Earth-departure phase
and the effects of the Earth’s gravity during the lunar-arrival phase. Total transfer time is minimized. However,
because the propulsion system operates continuously, i.e., no coast arc is allowed, the trajectory is also propellant
minimizing. A very low initial thrust acceleration of 10 ¡ 4 g yields � ight times of approximately 32 days requiring
many revolutions of both the Earth and the moon. Ignoring third-body gravity, i.e., solving the problem as two
coupled two-body problems, changes the optimal trajectory only slightly, for example, decreasing the travel time
by a few hours. The optimal trajectory is also insensitive to change in engine speci� c impulse so long as the same
initial thrust acceleration magnitude is used.

Introduction

T HE low thrust produced by an advanced propulsion system
requires a vehicle using such a system to gradually change its

orbit radiusoverseveralormany revolutions.Thus, the transferdoes
not resemble the elliptically shaped trajectory of the high-thrust or
impulsive-thrust case. Instead, the resulting trajectory takes on a
spiral shape where the orbit radius slowly increases (or decreases)
as the spacecraftrevolvesabout the attractingbody.Such spiral orbit
changes may take months to complete. Therefore, and because the
propellantfractionis small, the minimum-timeorbit transferis often
sought.

Low-thrust trajectoryoptimizationproblems are dif� cult to solve
in part because the total transfer time is long. Computing optimal,
low-thrusttrajectoriesis dif� cultdue to the sensitivityof a trajectory
solution to boundary conditions. Typical methods for numerically
solving optimal control problems work well with problems where
the total time is relatively short. In this work, a new method for
solvingproblems with relatively long total times, such as low-thrust
orbit transfers, is used to solve for optimal, low-thrust, Earth–moon
transfers.

Relative to the volume of analysis of Earth–moon orbit transfers
using conventional propulsion systems, the number of studies of
Earth–moon transfers using advanced propulsion is small. Aston1

demonstrated the merits and feasibility of using low-thrust propul-
sion to ferrycargobetweenlow Earthorbit (LEO)and low lunarorbit
(LLO). He makes clear that the development of the optimal trajec-
tories for such missions requires sophisticated system and mission
studies.One early study was performed by Stuhlinger.2 In his work,
the low-thrust trajectory consists of separate Earth and moon two-
body trajectorysegments patched togetherat the sphere of in� uence
of the moon. More recent work on optimal, low-thrust,Earth–moon
orbit transfers has been performed by Enright and Conway.3 Their
study used a two-body, inverse-squaregravitational � eld model for
spacecraftmotion about a central body. They solved minimum-fuel,
low-thrust, Earth–moon transfer problems. Golan and Breakwell4

investigatedminimum-fuel, � xed � ight time, Earth–moon transfers
for power-limited spacecraft. The trajectory is found by matching
an Earth spiral to a moon spiral at some intermediate distance.
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Pierson and Kluever5 � nd minimum-fuel, planar transfers from a
circular LEO to a circular LLO. The Earth–moon trajectory is gov-
erned by the restricted three-body problem dynamics. The optimal
Earth–moon transfer problem is solved by formulating and suc-
cessively solving a hierarchy of subproblems, resulting in a three-
stage solution process. Kluever and Pierson6 improved the solution
method in a second paper, doing away with the three-stage solution
process, and solved minimum-fuel, three-dimensional trajectories
from a circular LEO (assumed to lie in the lunar orbit plane) to an
inclined circular LLO. The minimum-fuel transfer to a polar lunar
orbit is obtained by successively solving a sequence of � xed lunar
orbit inclination problems. In both papers, a relatively large thrust
acceleration is used so that a translunar coast is fuel optimizing.5;6

In this work, optimal, low-thrust, Earth–moon orbit transfers are
generated for the case where the initial spacecraft Earth orbit is ar-
bitrary and the moon is in its actual orbit. The vehicle dynamics
include the effects of the moon’s gravity during the Earth-departure
phase and the effects of the Earth’s gravity during the lunar-arrival
phase. Thus, this problem is a restricted three-body problem. Be-
causethepropulsionsystemrequiresonlya small fractionof the total
spacecraftmass and because the total transfer time is relatively long
(on the order of 30 days), the total transfer time is minimized rather
than minimizing the propellant usage during the transfer. However,
because the propulsion system operates continuously, i.e., no coast
arc is allowed,the trajectoryis also propellantminimizing.The opti-
mizer may choose the time of departurefrom circularorbit about the
Earth. This variable would not in� uence the trajectory if the moon
was assumed to be in a circularorbit but does in� uencethe trajectory
when the moon is assumed to have its true eccentric orbit because
it determines the Earth–moon distance at the time of departure.The
system model used in this work differs signi� cantly from that used
in Refs. 5 and 6 or by Golan and Breakwell.4 Here the initial or-
bit of the spacecraft is arbitrary, the moon is in an eccentric and
inclined orbit, and the thrust acceleration is signi� cantly smaller,
10¡4 g, 30 times smaller than that assumed by Refs. 5 and 6 and
10 times smaller than that used by Ref. 4. Most signi� cantly, using
collocationwith nonlinearprogramming (NLP) allows the problem
to be solved in one step for arbitrary � nal lunar orbit inclinations,
i.e., the problem does not need to be divided into stages that require
matching at one or more points.

The smaller thrust acceleration magnitude makes this problem
more dif� cult, in principle, because the size of the problem, after
it has been discretized and converted to an NLP problem, depends
directly on the number of revolutions of the two bodies that are
required. The optimal trajectories in this work require about 9 rev-
olutions of the Earth for escape from geosynchronousorbit (GEO)
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and 17 revolutions for capture into and circularization of the lunar
orbit.References5 and 6, usinga thrust acceleration30 times larger,
need 12 revolutionsof the Earth for escape of their spacecraft from
LEO but only 2 revolutions on arrival into LLO.

This paper begins by de� ning the system model used in solving
this problem. This model is written using equinoctial elements as
state variables,7;8 yieldinga nonsingular formulation even for cases
of circular or equatorial orbits. A seventh-degree Gauss–Lobatto
system constraint formulation9 is used in the discretization of the
continuous optimal control problem.

Method
The Earth–moon transfer problem solved involves two phases. In

the � rst phase the propulsion system gradually increases the space-
craft’s orbital energy relative to the Earth, resulting in a multirev-
olution orbit where the distance between the Earth and spacecraft
increases with time. During the second phase of the transfer, the
propulsion system gradually decreases the spacecraft’s orbital en-
ergy relative to the moon. Thus, the arrival phase trajectory also
takes on the form of a spiral. The governingequations are modeled
relative to an Earth-centered inertial (ECI) system during the de-
parture phase and relative to a moon-centerednonrotating (MCNR)
system during the arrival phase. The state of the spacecraft at the
end of the departure phase, i.e., the absolute position, velocity, and
mass of the spacecraft,is the same as the state of the spacecraftat the
beginningof the arrival phase. Thus, the equinoctial element values
at the end of the departure phase and beginningof the arrival phase
are directly related through a transformation of variables from the
ECI system to the MCNR system, resulting in discontinuitiesin the
state variables.This transformationmay be rewritten as a constraint,
resulting in a set of boundaryconditionsrelatingthe states at the end
of the departurephase to those at the beginningof the arrival phase.
In addition,the governingequationsare written in terms of localized
units known as canonical units, for which the gravitationalconstant
¹ D 1 in both the geocentric and lunicentric systems; therefore, the
equations of motion are discontinuous as well. The motion of the
moon is known as a function of time, resulting in the governing
equations being an explicit function of time. Finally, the perturbing
acceleration of the moon during the Earth-departurephase and the
perturbing acceleration of the Earth during the lunar-arrival phase
are modeled.

To avoid singularities that result from using the classical ellip-
tic elements for circular or equatorial orbits, an alternative set of
parameters is used. These parameters are the equinoctial elements,
derived by Broucke and Cefola7 and described by Battin.8 With
the equinoctial elements, the mean longitude ` and the parameters
P1; P2; Q1 , and Q2 replace the classical orbit elements e; i; Ä; !,
and f . The parameters P1 and P2 are de� ned by

P1 D e sin $ (1)

and

P2 D e cos $ (2)

where $ is the longitude of pericenter de� ned by $ D Ä C !. The
parameters Q1 and Q2 are de� ned by

Q1 D tan
¡

1
2
i
¢

sin Ä (3)

and

Q2 D tan
¡

1
2
i
¢

cos Ä (4)

The mean longitude ` is de� ned by ` D $ C M D $ C n1t,
where M is the mean anomaly de� ned by M D E ¡ e sin E (which
is Kepler’s equation) and E is the eccentricanomaly. The parameter
n is themean orbitalmotionand1t is the time elapsedsinceperiapse
passage.Now, the eccentric longitude K is de� ned by K D $ C E .
Substituting for M D ` ¡ $ and E D K ¡ $ , Kepler’s equation
becomes

` D K C P1 cos K ¡ P2 sin K (5)

which is the augmented form of Kepler’s equation.7;8 The true lon-
gitude L is de� ned as L D $ C f , where f is the true anomaly and
L is related to the eccentric longitude K through

sin L D .a=r /
¡¡©

1 ¡ [a=.a C b/]P2
2

ª
sin K

C [a=.a C b/]P1 P2 cos K ¡ P1

¢¢
(6)
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¢¢
(7)

where

a

r
D 1

1 ¡ P1 sin K ¡ P2 cos K
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a
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The classical orbit elements e; i; Ä, and ! may be recovered from
the relationships

e2 D P2
1 C P2

2 (8)

tan2
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i
¢

D Q2
1 C Q2

2 (9)

tan$ D P1=P2 (10)

and

tan Ä D Q1=Q2 (11)

with ! D $ ¡ Ä. True anomaly f may be recovered by solving
Eq. (5) for the eccentric longitude K given `; P1 , and P2 and then
using Eqs. (6) and (7) to compute a value for the true longitude L .
Then, f D L ¡ $ . Solving the augmented form of Kepler’s equa-
tion (5) for the eccentric longitude K proved to be more dif� cult
than solving Kepler’s equation for the eccentric anomaly E . There-
fore, a specialized algorithm was developed, which incorporates a
nonderivative, dissection search technique based on the Fibonacci
sequence with a faster derivative-basedsearch technique.9 The dis-
section techniqueis used to produceboundson the rangeof K within
which a solution to Eq. (5) lies so that the derivative search tech-
nique will quickly converge.This two-step algorithm has proven to
be very robust in solving Eq. (5), the augmented form of Kepler’s
equation.

Equations of Motion
The equations of motion for the time rates of change of the

equinoctial elements may be found in Refs. 7 and 8 and are given
next. The time rates of change of the semimajor axis a, mean lon-
gitude `, and parameters P1; P2; Q1, and Q2 are

da

dt
D 2

a2

h

h
.P2 sin L ¡ P1 cos L/AR C

p

r
AT

i
(12)

d`

dt
D n ¡

r

h

»µ
a

a C b

³
p

r

´
.P1 sin L C P2 cos L/ C 2

b

a

¶
AR

C
a

a C b

³
1 C

p

r

´
.P1 cos L ¡ P2 sin L/AT

C .Q1 cos L ¡ Q2 sin L/AN

¼
(13)

dP1

dt
D

r

h

»
¡

p

r
cos L AR C

µ
P1 C

³
1 C

p

r

´
sin L

¶
AT

¡ P2.Q1 cos L ¡ Q2 sin L/AN

¼
(14)



HERMAN AND CONWAY 143
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where b D a
p

.1 ¡ P2
1 ¡ P2

2 /, which is the semiminor axis, and
h D nab, which is the speci� c angularmomentum. The useful ratios
p=r and r=h are de� ned by p=r D 1 C P1 sin L C P2 cos L and

r

h
D

h

¹.1 C P1 sin L C P2 cos L/

respectively.The mean orbitalmotion is givenby n D
p

.¹=a3/. The
variables AR , AT , and AN represent the perturbing accelerations,
de� ned in the next section.

Perturbing Accelerations
If the perturbingaccelerations AR , AT , and AN are all identically

equal to zero, then thedifferentialequations(12–17)describethe tra-
jectoryof a spacecrafttravelingin an orbitwhose elementsa, P1 , P2,
Q1, and Q2 are � xed, with mean longitude` advancingat a constant
rate. However, in this work, a spacecraft with a low-thrust propul-
sion system is modeled.Thus, the perturbingaccelerationsare small
but signi� cant, causing the orbit to change over time. In addition,
the gravitational attraction of the moon during the Earth-departure
phaseof a transferand thegravitationalattractionof theEarth during
the lunar-arrival phase are modeled as perturbations.Thus,

AR D 0 cos ® sin ¯ C =R (18)

AT D 0 cos ® cos ¯ C =T (19)

AN D 0 sin ® C =N (20)

where 0 is the spacecraft’s instantaneousthrust accelerationmagni-
tude, ® is the thrust accelerationpointing angle measured out of the
instantaneous orbit plane, and ¯ is the in-plane thrust acceleration
pointingangle. The angle ® is positive if the thrust has a component
in the direction of the orbit angular momentum vector. The angle

[S] D

2

4
cÄMc!M ¡ sÄM s!M s¶M ¡cÄM s!M ¡ sÄM c!M c¶M sÄM s¶M

sÄM c!M C cÄM s!M c¶M ¡sÄM s!M C cÄM c!M c¶M ¡cÄMs¶M

s!M s¶M c!M s¶M c¶M

3

5 (27)

¯ is zero if the thrust is directed normal to the radius vector and is
positive if the thrust has a radially outward component. The thrust
pointing angles ® and ¯ are the control variables for this problem.
The variables =R; =T , and =N are the third-body perturbing accel-
erations in the radial, transverse, and normal directions relative to
the instantaneousorbit plane.

The change in thrust acceleration as propellant is consumed is
modeled by

d0

dt
D

1
c

02 (21)

where c is the effective exhaust velocity of the propulsion system.
The effectiveexhaustvelocityis de� nedby c D g0 Isp, where g0 is the
gravitymagnitudeat the surfaceof theEarth,which is approximately
9.81 m/s2 , and Isp is the speci� c impulse of the propulsion system.
Thus, different low-thrust propulsion systems with varying speci� c
impulses may be analyzed.

De� ning = D f=R ; =T ; =N gT , then,

= M D ¡¹M

µ
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r 3
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¶
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is theperturbingaccelerationof themoon duringtheEarth-departure
phase and

= E D ¡¹E

µ
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¡
rEM

r 3
EM

¶
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is the perturbing acceleration of the Earth during the lunar-arrival
phase.10 Here, rMS and rES are the positionsof the spacecraftrelative
to the moon and Earth, respectively, and rEM is the position of the
moon relative to the Earth.

The positionof a spacecraftrelative to the local coordinatesystem
may be computed using

r D [R]

2

4
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r sin L

0

3

5 (24)
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and r D a.1¡ P1 sin K ¡ P2 cos K /. Thus, Eqs. (24) and (25) may be
used to � nd eitherrMS or rES . If used to � nd rES , equinoctialelements
appropriateto an Earth-centeredorbit are used in Eqs. (24) and (25)
and rES will then be expressed on an ECI basis. If used to � nd rMS,
equinoctial elements appropriate to a moon-centeredorbit are used
in Eqs. (24) and (25) and rMS will then be expressed on an MCNR
basis, which is a basis that translatesbut does not rotate as the moon
travels about the Earth. The position of the moon relative to the
Earth, rEM , is computed in the ECI reference frame using

rEM D [S]

2

64
aM .cos EM ¡ eM /

aM

p
1 ¡ e2

M sin EM

0

3

75 (26)

where

as described in Ref. 10. In Eq. (27), c denotes cos. / and s denotes
sin. /. Here, the lunar orbital elements aM and eM are assumed to be
60.27R© and0.0549,respectively,theactualmeanvalues,where R©
is the mean equatorialradiusof the Earth. The lunar orbit inclination
with respect to the equatorial plane varies between approximately
18.2 and 28.5 deg; an inclinationof 25 deg is chosen for the example
transfers presented here. The positions of the node and the line
of apsides circulate; for this model ÄM D !M D 0 is assumed for
convenience; the choice does not affect the dif� culty of solving the
problem. Of course, the exact values for all of the orbit elements for
a given departure date would be used if that date were known. In
any event, the initial true longitude of the moon does not affect the
transfer because the spacecraft is allowed to coast until the relative
position of the spacecraft and moon is such as to minimize the
powered � ight time. The eccentric anomaly of the lunar orbit, EM ,
is determined from Kepler’s equation:

MM D EM ¡ eM sin EM (28)



144 HERMAN AND CONWAY

where MM D nM t and is known as the lunar mean anomaly, where
nM D

p
.¹E=a3

M / is the lunar mean orbital motion. In this work, the
valueof the lunarmeananomalyat zero time is consideredto be zero.
Equation (28) is solved using the Laguerre method of Conway.11

With rES and rEM found,as described,on the ECI basis, = M found
as the right-hand side of Eq. (22) will also be expressed on the ECI
basis. The gravitationalperturbation = M must then be resolved into
components in the spacecraft-�xed radial, tangential, and normal
directions for use in Eqs. (18–20). This is accomplished by the
transformation

= M (local) D [T]T [R]T = M (ECI) (29)

where

[T] D

2

4
cos L ¡sin L 0

sin L cos L 0

0 0 0

3

5 (30)

Similarly, when rMS is found as described, on the MCNR basis,
and with rEM determined on the MCNR basis through

rEM D

2

64
aM .cos EM ¡ eM /

aM

p
1 ¡ e2

M sin EM

0

3

75 (26a)

then = E found as the right-hand side of Eq. (23) will also be ex-
pressed on the MCNR basis. As described in the preceding para-
graph, the gravitationalperturbation = E must then be resolved into
components in the spacecraft-�xed radial, transverse, and normal
directions for use in Eqs. (18–20). This is accomplished again by
the transformations (29) and (30), with the only difference being
that the true longitude L is now determined using Eqs. (6) and (7)
using equinoctial variables appropriate to the moon-centered orbit.

Earth-Phase to Lunar-Phase Boundary Conditions
As mentioned, the system state variables are the equinoctialvari-

ables plus the thrust acceleration, i.e., [a; P1; P2; Q1; Q2; `; 0]. At
the point where the trajectory switches from the Earth-departure
phase to the lunar-arrivalphase, which is chosen to be the � rst point
in the discretized time history such that the spacecraft enters within
25 lunar radii of the moon, a transformation is made from equinoc-
tial elementsappropriateto Earth-centeredmotion (perturbedby the
moon) to equinoctial elements appropriate to moon-centered mo-
tion (perturbed by the Earth). Note that, in this work, unlike models
that use a patched-conic approximation, this switch may be made
at any point without affecting the dynamics because a three-body
gravitationalmodel is always used. One method for accomplishing
the transformation uses the continuity of the absolute position and
velocity of the spacecraft. At any time,

rES D rEM C rMS (31)

and

vES D vEM C vMS (32)

where vES is the velocity vector of a spacecraft relative to an ECI
coordinate system, vEM is the velocity vector of the moon relative
to the ECI system, and vMS is the velocity vector of the spacecraft
relative to an MCNR coordinatesystem.Vectors rES and rMS may be
found from Eqs. (24) and (25) but with each position vector found
as a function of the local equinoctial elements. The velocity vectors
vES and vMS of the spacecraft may be determined in terms of the
local equinoctial elements using

v D [R]

³
¹

h

´ 2

4
¡P1 ¡ sin L

P2 C cos L

0

3

5 (33)

The lunar position rEM may be computed using either Eq. (26) or
Eq. (26a), and the lunar velocity vEM may be determined using

vEM D [S]

2

66664

¡¹E

hM

p
1 ¡ e2

M

sin EM

1 ¡ eM cos EM

¹E

h M

¡
1 ¡ e2

M

¢ cos EM

1 ¡ eM cos EM

0

3

77775
(34)

where h M is the speci� c angularmomentum of the moon. Using the
transformationmatrix in Eq. (27), thevectorsrMS andvMS, which are
originally expressed on the MCNR basis, may be expressed on the
ECI basis. Then Eqs. (31) and (32) yield six nonlinear constraint
equations involving the two sets of equinoctial variables; enforc-
ing these constraints when the problem is solved accomplishes the
transformation of variables from the Earth-departure phase to the
moon-arrival phase. Of course, the thrust acceleration 0 is continu-
ous across this transformation.

However, the thrust accelerationmagnitudemust be computed in
terms of the local coordinates. Because canonical units (¹ D 1) are
used throughout, the thrust acceleration magnitude conversion be-
comes one of unit conversion.The length units (LU) and time units
(TU) in each phase are chosen such that the gravitationalconstant¹
is unity. (In these canonical units, 2¼ TUs would represent the pe-
riod of a circular orbit at the surface of the attracting body.) The LU
and TU for the Earth are 1 LU© D 6378 km and 1 TU© D 806:8 s,
respectively,and for the moon the LU and TU are 1 LUM D 1738km
and 1 TUM D 1035s, respectively.Thus, the thrustaccelerationmag-
nitude at the end of the departure phase and the beginning of the
arrival phase are related by

0©
¡
LU©

¯
TU2

©

¢
D 0M

¡
LUM

¯
TU2

M

¢
(35)

To correctly account for the differences between units used for the
quantities in the constraint equations (31) and (32), the units for
distance and time for the lunar-arrival phase were converted to the
units used for the Earth-departurephase.

Initial and Final Orbit Conditions
The initial orbit of the spacecraftis assumed to be a circular,GEO

inclined at an angle of 28.5 deg to Earth’s equatorial plane and hav-
ing a radius of 6.63R© . Thus, initially,a D 6:63; e D 0, and i D 28:5
deg with true anomaly f free to be optimally chosen. Because the
initial orbit is inclined to the Earth equatorial plane, it is three di-
mensional irrespective of the initial values of the longitude of the
ascendingnode and argument of perigee. Thus, the initial values of
the longitude of the ascendingnode and argument of pericenter are
assumed to be zero, i.e., Ä D ! D 0. The initial magnitude of the
thrust acceleration is arbitrarily chosen to be 10¡4 LU/TU2.D 10¡4

g/. Therefore, using Eqs. (1–4), the initial conditions for the states
in the Earth-departurephase of the transfer are determined to be

xI D fa; `; P1; P2; Q1; Q2; 0gT

D f6:63; free; 0; 0; 0; 0:254; 10¡4gT

where the initial value of mean longitude` in the departurephase of
the transfer is free to be optimallychosen due to the free initial value
of f . The � nal orbit of the spacecraft is chosen to be a circular lunar
polar orbit with a speci� ed � nal orbit radius, for example, a � nal ra-
dius of 2RM , where RM is the moon’s mean equatorialradius.There-
fore, the � nal conditions for the states in the lunar-arrivalphase are

xF D fa; `; P1; P2; Q1; Q2; 0gT

D fspeci� ed, free; 0; 0; 0; 1; freegT

where, again, the � nal value of ` in the arrival phase of the transfer
is free to be optimally chosen due to the free � nal value of f . The
� nal valueof 0 is also a free variable.However, this � nal value must
be appropriateconsideringan initial value of the thrust acceleration
magnitude of 10¡4 and the amount of propellant consumed during
the (optimized) transfer time.

Direct Method
There are many possible ways of solving optimal control prob-

lems using direct methods. All such solution methods discretize or
parametrize the time histories of the state or control variables (or
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both) and then constructequationsof constraintthat enforce the sys-
tem differential equations, at various interior points, and any speci-
� ed boundary conditions. Perhaps the most familiar direct method
is that of Hargraves and Paris12 because it is the basis of the OTIS
program.13 In this method the constraint equation or defect (in their
terms12) causes the system differential equations to be integrated
across each time segment according to Simpson’s rule.3 Formulat-
ing these equationsof constraintusinghigher-orderintegrationrules
has the same advantages as using higher-order rules, e.g., fourth-
orderRunge–Kutta, for numerical integration;fewer time stepsneed
be used to achievethe same accuracy.This has been demonstratedin
numerical experimentsby Herman9 and Herman and Conway.14 For
direct methods, such as the one used here, in which the discretized
optimization problem is solved as an NLP problem, the reduction
in the number of time steps yields a direct reduction in the number
of NLP variables.

The solutionmethod used in this work is a seventh-degreeGauss–

Lobatto collocation method described by Herman and Conway14

and Herman.9 In this method an approximate solution to a sys-
tem of � rst-order differential equations of the form Px D f .x; t/ is
constructed on a time history that has been discretized. Parame-
ters are used to represent values of the states xi at discrete times
ti . Collocation constraints are then formulated by � rst constructing
seventh-degreepolynomialsusingthe state parametervaluesand the
system equations evaluated using the state parameters and discrete
values of the control variables. Requiring the � rst derivative of the
seventh-degree polynomial representing a given state to equal the
system differentialequation for that state at three points within each
time segment yields three constraintequations.The locations of the
three collocation points are chosen to minimize the error of the im-
plicit integration. Note that this process of creating constraints is
qualitatively similar to the direct method of Hargraves and Paris12

but that method uses only a third-degreepolynomialand yields just
one constraint equation per segment.

The discrete values of the state and control variables, the time at
which powered � ight is begun, and the � nal time become parame-
ters for the optimizer to choose to minimize the objective function,
which is the � ight time. The constraint equations described, which
enforce satisfaction of the system equations (12–17) and (21), are
nonlinear in these parameters, as are the earlier described transfor-
mation equations (31) and (32) of the equinoctial orbit elements
from an Earth-centered reference to a moon-centered reference as
the spacecraft approaches the moon. Thus, the problem is an NLP
problem, which we solve using the routine NZOPT.15

Initial values for the parameters used to discretize the solution
time historiesmust be providedbefore the NLP algorithmcan com-
pute the � rst step in which to begin the optimizationsearch process.
In this research, the initial values of the states are computed using a
trajectory that is integratedwithout concern for the boundarycondi-
tions or for optimality.The initializationtrajectoryfor the departure
phase is computed using starting conditions that correspond to a
circular, geostationary orbit. In the arrival phase, the initialization
trajectoryis determinedwith a backward integrationfroma circular,
equatorialorbitwith a radiusequal to the speci� ed � nal orbit radius.
In both phases, the controlvariables® and ¯ are assumed identically
zero throughout the initial trajectory computation. Thus, the thrust
pointing direction is always transverse to the instantaneous orbit
radius vector. The initialization trajectories for the departure and
arrivalphases are integrateduntil the semimajor axis reachesvalues
of 60R© and 25RM , respectively.These initializationtrajectoriesare
two-dimensional trajectories that do not satisfy the boundary con-
ditions relating the state of a spacecraft at the end of the departure
phase to the state of the spacecraft at the beginning of the arrival
phase. In addition, third-bodyeffects are not consideredin the com-
putation of the initialization trajectories. Thus, the initial values of
the discretization parameters for the state and control variables do
not correspond to a feasible solution, let alone an optimal solution.

The optimizer, NZOPT, also requires the partial derivatives of
the system constraints with respect to each of the free parameters.
These are computed numerically using the IMSL routine F2JAC.16

This numerical routine computes the Jacobian of a vector function
using forward differences.

Results
In thissectionthe resultsof theEarth–moonorbittransferproblem

already described are presented. In all cases the number of subin-
tervals used for the Earth-departure and lunar-arrival phases are 20
and 10, respectively. In addition, the � nal lunar radius is arbitrarily
chosen to be 2RM , the Isp was set to (a realistic value of) 5000 s,
and third-bodyeffects are included for case A. For case B, the third-
body effects are not modeled (for comparison to the results of case
A). Case C is the same as case A with the exceptionof Isp, which is
set to 2500 s. Finally, case D is the same as case A except that the
� nal lunar orbit radius is speci� ed to be 3RM , again for comparison
purposes. These cases are summarized in Table 1.

There is very little difference in � ight time (and, hence, in � nal
mass) for cases A and B, whose only difference is the inclusion
of third-body gravity. For case C, where the engine is assumed
much less ef� cient but that is otherwise the same as case A, the
� ight time is reduced. This is because the propellant is consumed
more rapidly to produce the same thrust, so that the less massive
spacecraftof case C has a higher thrust accelerationat all times than
the spacecraftof casesA orB. The spacecraftof caseD uses the least
propellant because it operates approximately two fewer days than
the spacecraft of the other cases to insert into a higher lunar orbit.

The trajectories of case A are described in Figs. 1–11. The de-
parture phase of the optimal orbit transfer is shown in Fig. 1 and is
described by Figs. 2–4; the arrival phase is shown in Fig. 5 and is
describedby Figs. 6–11. The semimajor axis and orbit radius for the
departureand arrivalphasesare shown in Figs. 2 and 6, respectively.
The semimajor axis increases monotonically as energy is added to
theorbitduringthedeparture;it decreasesas energyis removedfrom
the orbitduringarrival.Time historiesof theorbit eccentricityfor the
departureand arrivalphasesare shown in Figs. 3 and 7, respectively.
The inclinationtime historyof thedeparturephaseis shownin Fig. 3.
Change in inclinationoccurs primarily near the end of the departure
phase, as expected because the spacecraft is moving more slowly
when distant from the Earth and inclination change is less costly.
The inclination changes little during the arrival phase, as shown in
Fig. 11, because the vehicle is in nearly a polar orbit as it begins to
orbit the moon. (This is also clear from Fig. 5, where only the X – Z
projection, in lunicentric coordinates, is shown.) Thrust accelera-
tion pointing angles for the departure and arrival phases are shown
in Figs. 4 and8, respectively.The initialorbit transfer time,when the
spacecraft begins powered � ight, and the � nal orbit transfer time,

Table 1 Summary of Earth–moon orbit transfer cases

Final lunar Ratio of Time of
Three orbit radius, � nal/initial � ight,

Case body Isp, s RM mass, % days

A Yes 5000 2 94.2 33.54
B No 5000 2 94.3 33.32
C Yes 2500 2 88.7 32.67
D Yes 5000 3 94.6 31.15

Fig. 1 Case A departure phase: three-dimensional view of the trajec-
tory.



146 HERMAN AND CONWAY

Fig. 2 Case A departure phase: semimajor axis and radius time histo-
ries (unit is Earth radius).

Fig. 3 Case A departure phase: eccentricity and inclination time his-
tories.

Fig. 4 Case A departure phase: time histories of thrust acceleration
pointing angles; angle ¯ is measured in-plane; ® is measured normal to
the instantaneous orbit plane.

Fig. 5 Case A arrival phase: projection in X–Z lunicentric equatorial
coordinates.

Fig. 6 Case A arrival phase: semimajor axis and radius time histories
(unit is moon radius).

Fig. 7 Case A arrival phase: eccentricity time history.

Fig. 8 Case A arrival phase: time histories of thrust acceleration point-
ing angles; angle ¯ is measured in-plane; ® is measured normal to the
instantaneous orbit plane.

Fig. 9 Case A and B arrival phases: semimajor axis time history com-
parison (unit is moon radius).
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Fig. 10 Case A and B arrival phases: eccentricity time history com-
parison.

Fig. 11 Case A and B arrival phases: inclination time history compar-
ison.

when the spacecraft completes the transfer, are free to be chosen by
the NLP algorithm. In case A, the optimal orbit transfer is initiated
at 5.286days past the time of lunar perigeeand continuesuntil 38.83
days past perigee, resulting in a total transfer time of 33.55 days.

In case B, the third-bodyperturbingaccelerationsarenot included
in the system model, i.e., = M D = E D 0 in this case, which is oth-
erwise the same as case A. Powered � ight is initiated at 4.969 days
past the lunar perigee and continues until 38.29 days past perigee,
resulting in a total transfer time of 33.32 days, which is only 0.23
days less than that for the three-body case A. Cases A and B are
compared in Figs. 9–11. The departure-phase semimajor axis time
history for case B is almost indistinguishable from that of case A
(shown in Fig. 2) and, thus, is not shown. This result was expected
because the disturbingaccelerationof the moon on the spacecraft is
negligibly small while the spacecraft is near the Earth. The arrival-
phase semimajor axis time history is shown in Fig. 9, in which the
in� uence of the moon as the spacecraft approaches the moon is ev-
ident. The eccentricityand inclinationtime histories shown in Figs.
10 and 11 also show a signi� cant difference when third-body ef-
fects are considered. However, the eccentricity time histories are
essentially the same but shifted in time to re� ect the fact that the
optimal transfer, when third-body effects are included, begins ap-
proximately 0.3 day later than when third-body effects are ignored.
In addition, the differences in orbit inclination in the arrival phase
are exaggerated by the scaling of the � gure. The results are much
more completely presented in Ref. 9.

Conclusions
The method of collocation with NLP has successfully solved a

trajectoryoptimizationproblemthat is dif� cult due to the long � ight
time and themany-revolutiondepartureandarrivaltrajectories.With
this method the problem may be solved in one step for arbitrary � -
nal lunar orbit inclinations;the problem does not need to be divided
into stages that require matching at one or more points, and that
may yield a combined trajectory that is suboptimal. The Earth–

moon orbit transfer problem solved is quite realistic. For instance,
the spacecraft is considered to be initially in a plane that is inclined
to the Earth equatorialplane and transfers to a � nal polar lunar orbit
(themost usefulorbit for lunarmapping). The orbitof the moon used

in the model is the actual, eccentric orbit, in a plane inclined to the
Earth’s equatorial plane, resulting in a complex, three-dimensional
problem. In addition, third-body effects are included during both
the Earth-departureand lunar-arrivalphases. Finally, representative
electricpropulsionspeci� c impulsesand thrustmagnitudesare used,
yielding total transfer times of approximately one month.

The perturbing effect of the Earth’s gravity on the lunar-arrival
trajectory is signi� cant. The perturbingeffect of the moon’s gravity
in� uences only the very end of the Earth-departurephase. A change
in speci� c impulse does affect the orbit transfer with a signi� cant
change in transfer time as well as changes to the departure and ar-
rival trajectories.A change in the � nal desired lunar orbit radius has
no signi� cant effect on the departure phase, and the only signi� cant
effect on the overall problem is a shorter transfer time.

The solution method applied successfully in this work should
have no dif� culty solving a problem with a larger initial low-thrust
accelerationthan the 10¡4 g assumedhereand, thus, involvingfewer
revolutions of the Earth and moon because the system equations of
motion (implicitly) integrated in the determination of the optimal
trajectory are the exact variational equations, i.e., no assumptions
are made with regard to the magnitude of the variation of the or-
bit elements over each orbit. If the initial acceleration is instead
made smaller, the method is likely,based on experiencewith its use,
to solve the problem successfully. To maintain the same accuracy,
it will be necessary to allocate more segments and, hence, more
discrete states and controls; however, the seventh-degree Gauss–

Lobatto method may provide suf� cient accuracy for a problem
with the same number of NLP variables and, hence, a coarser
discretization.
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