JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 21, No. 1, January-February 1998

Optimal, Low-Thrust, Earth-Moon Orbit Transfer
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Optimal, low-thrust, Earth-moon orbit transfers are found using the method of collocation with nonlinear
programming. The initial spacecraft Earth orbit is arbitrary; the final lunar orbit is arbitrary. The moon is in
its actual orbit. The vehicle dynamics include the effects of the moon’s gravity during the Earth-departure phase
and the effects of the Earth’s gravity during the lunar-arrival phase. Total transfer time is minimized. However,
because the propulsion system operates continuously, i.e., no coast arc is allowed, the trajectory is also propellant
minimizing. A very low initial thrust acceleration of 10~ * g yields flight times of approximately 32 days requiring
many revolutions of both the Earth and the moon. Ignoring third-body gravity, i.e., solving the problem as two
coupled two-body problems, changes the optimal trajectory only slightly, for example, decreasing the travel time
by a few hours. The optimal trajectory is also insensitive to change in engine specific impulse so long as the same

initial thrust acceleration magnitude is used.

Introduction

HE low thrust produced by an advanced propulsion system

requires a vehicle using such a system to gradually change its
orbitradius overseveral or many revolutions. Thus, the transferdoes
not resemble the elliptically shaped trajectory of the high-thrustor
impulsive-thrust case. Instead, the resulting trajectory takes on a
spiral shape where the orbit radius slowly increases (or decreases)
as the spacecraftrevolvesabout the attractingbody. Such spiral orbit
changes may take months to complete. Therefore, and because the
propellantfractionis small, the minimum-time orbit transferis often
sought.

Low-thrust trajectory optimization problems are difficult to solve
in part because the total transfer time is long. Computing optimal,
low-thrusttrajectoriesis difficult due to the sensitivity of a trajectory
solution to boundary conditions. Typical methods for numerically
solving optimal control problems work well with problems where
the total time is relatively short. In this work, a new method for
solving problems with relatively long total times, such as low-thrust
orbit transfers, is used to solve for optimal, low-thrust, Earth-moon
transfers.

Relative to the volume of analysis of Earth-moon orbit transfers
using conventional propulsion systems, the number of studies of
Earth-moon transfers using advanced propulsion is small. Aston!
demonstrated the merits and feasibility of using low-thrust propul-
sionto ferry cargobetweenlow Earth orbit (LEO) and low lunarorbit
(LLO). He makes clear that the development of the optimal trajec-
tories for such missions requires sophisticated system and mission
studies. One early study was performed by Stuhlinger.? In his work,
the low-thrust trajectory consists of separate Earth and moon two-
body trajectory segments patched togetherat the sphere of influence
of the moon. More recent work on optimal, low-thrust, Earth-moon
orbit transfers has been performed by Enright and Conway.? Their
study used a two-body, inverse-square gravitational field model for
spacecraftmotion abouta central body. They solved minimum-fuel,
low-thrust, Earth-moon transfer problems. Golan and Breakwell*
investigated minimum-fuel, fixed flight time, Earth-moon transfers
for power-limited spacecraft. The trajectory is found by matching
an Earth spiral to a moon spiral at some intermediate distance.
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Pierson and Kluever’ find minimum-fuel, planar transfers from a
circular LEO to a circular LLO. The Earth-moon trajectory is gov-
erned by the restricted three-body problem dynamics. The optimal
Earth-moon transfer problem is solved by formulating and suc-
cessively solving a hierarchy of subproblems, resulting in a three-
stage solution process. Kluever and Pierson® improved the solution
method in a second paper, doing away with the three-stage solution
process, and solved minimum-fuel, three-dimensional trajectories
from a circular LEO (assumed to lie in the lunar orbit plane) to an
inclined circular LLO. The minimum-fuel transfer to a polar lunar
orbit is obtained by successively solving a sequence of fixed lunar
orbit inclination problems. In both papers, a relatively large thrust
accelerationis used so that a translunar coast is fuel optimizing >

In this work, optimal, low-thrust, Earth-moon orbit transfers are
generated for the case where the initial spacecraft Earth orbit is ar-
bitrary and the moon is in its actual orbit. The vehicle dynamics
include the effects of the moon’s gravity during the Earth-departure
phase and the effects of the Earth’s gravity during the lunar-arrival
phase. Thus, this problem is a restricted three-body problem. Be-
causethe propulsionsystemrequiresonly a small fractionof the total
spacecraftmass and because the total transfer time is relatively long
(on the order of 30 days), the total transfer time is minimized rather
than minimizing the propellantusage during the transfer. However,
because the propulsion system operates continuously, i.e., no coast
arcis allowed, the trajectoryis also propellantminimizing. The opti-
mizer may choose the time of departurefrom circularorbitaboutthe
Earth. This variable would not influence the trajectory if the moon
was assumed to be in a circular orbit but doesinfluence the trajectory
when the moon is assumed to have its true eccentric orbit because
it determines the Earth-moon distance at the time of departure. The
system model used in this work differs significantly from that used
in Refs. 5 and 6 or by Golan and Breakwell.* Here the initial or-
bit of the spacecraft is arbitrary, the moon is in an eccentric and
inclined orbit, and the thrust acceleration is significantly smaller,
10~* g, 30 times smaller than that assumed by Refs. 5 and 6 and
10 times smaller than that used by Ref. 4. Most significantly, using
collocationwith nonlinear programming (NLP) allows the problem
to be solved in one step for arbitrary final lunar orbit inclinations,
i.e., the problem does not need to be divided into stages that require
matching at one or more points.

The smaller thrust acceleration magnitude makes this problem
more difficult, in principle, because the size of the problem, after
it has been discretized and converted to an NLP problem, depends
directly on the number of revolutions of the two bodies that are
required. The optimal trajectories in this work require about 9 rev-
olutions of the Earth for escape from geosynchronous orbit (GEO)
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and 17 revolutions for capture into and circularization of the lunar
orbit. References 5 and 6, using a thrustacceleration30 times larger,
need 12 revolutions of the Earth for escape of their spacecraft from
LEO but only 2 revolutions on arrival into LLO.

This paper begins by defining the system model used in solving
this problem. This model is written using equinoctial elements as
state variables,® yielding a nonsingular formulation even for cases
of circular or equatorial orbits. A seventh-degree Gauss-Lobatto
system constraint formulation’ is used in the discretization of the
continuous optimal control problem.

Method

The Earth-moon transfer problem solved involves two phases. In
the first phase the propulsionsystem gradually increases the space-
craft’s orbital energy relative to the Earth, resulting in a multirev-
olution orbit where the distance between the Earth and spacecraft
increases with time. During the second phase of the transfer, the
propulsion system gradually decreases the spacecraft’s orbital en-
ergy relative to the moon. Thus, the arrival phase trajectory also
takes on the form of a spiral. The governing equations are modeled
relative to an Earth-centered inertial (ECI) system during the de-
parture phase and relative to a moon-centerednonrotating (MCNR)
system during the arrival phase. The state of the spacecraft at the
end of the departure phase, i.e., the absolute position, velocity, and
mass of the spacecraft,is the same as the state of the spacecraftat the
beginning of the arrival phase. Thus, the equinoctial element values
at the end of the departure phase and beginning of the arrival phase
are directly related through a transformation of variables from the
ECI system to the MCNR system, resulting in discontinuitiesin the
state variables. This transformationmay be rewritten as a constraint,
resultingin a set of boundary conditionsrelating the states at the end
of the departure phase to those at the beginning of the arrival phase.
In addition, the governingequationsare written in terms of localized
units known as canonical units, for which the gravitational constant
=1 1n both the geocentric and lunicentric systems; therefore, the
equations of motion are discontinuous as well. The motion of the
moon is known as a function of time, resulting in the governing
equations being an explicit function of time. Finally, the perturbing
acceleration of the moon during the Earth-departure phase and the
perturbing acceleration of the Earth during the lunar-arrival phase
are modeled.

To avoid singularities that result from using the classical ellip-
tic elements for circular or equatorial orbits, an alternative set of
parameters is used. These parameters are the equinoctial elements,
derived by Broucke and Cefola’ and described by Battin.® With
the equinoctial elements, the mean longitude ¢ and the parameters
P, P, Oy, and Q, replace the classical orbit elements e, i, 2, w,
and f. The parameters P; and P, are defined by

P, =esinw (1)
and
P, = ecosw )

where @ is the longitude of pericenter defined by @ = Q + w. The
parameters Q| and Q, are defined by

0, = tan(%i) sin 3)
and
0, = tan(%i) cos 2 4)

The mean longitude ¢ is defined by £ = @w + M = @ + nAt,
where M is the mean anomaly defined by M = E — e sin E (which
is Kepler’s equation) and E is the eccentric anomaly. The parameter
nisthe mean orbitalmotionand At is the time elapsedsince periapse
passage. Now, the eccentric longitude K is definedby K =@ + E.
Substituting for M =¢ — w and E =K — @, Kepler’s equation
becomes

{=K+ PicosK — P,sinK (5)

which is the augmented form of Kepler’s equation.”3 The true lon-
gitude L is defined as L =@ + f, where f is the true anomaly and
L is related to the eccentric longitude K through

sinL = (a/r)({1 - [a/(a + b)|P?} sinK

+[a/(a+b)]P1P2COSK—P1) (6)
and
cosL = (a/r)({l —la/(a+ b)]Plz} cos K

+[a/(a + b)|P,P,sinK — P,) @)
where
a 1
7 1—Psink — PcosK

and
a 1

at+b 14+ /1-p2—P?

The classical orbit elements e, i, 2, and w may be recovered from
the relationships

¢ = P} + P} (8)
tan*(4i) = Q3 + 02 ©)
tanw = P /P, (10)
and
tanQ = 0,/0, (an

with w =@ — Q. True anomaly f may be recovered by solving
Eq. (5) for the eccentric longitude K given £, P, and P, and then
using Eqgs. (6) and (7) to compute a value for the true longitude L.
Then, f =L — w. Solving the augmented form of Kepler’s equa-
tion (5) for the eccentric longitude K proved to be more difficult
than solving Kepler’s equation for the eccentric anomaly E. There-
fore, a specialized algorithm was developed, which incorporates a
nonderivative, dissection search technique based on the Fibonacci
sequence with a faster derivative-based search technique’ The dis-
sectiontechniqueis used to produce bounds on therange of K within
which a solution to Eq. (5) lies so that the derivative search tech-
nique will quickly converge. This two-step algorithm has proven to
be very robust in solving Eq. (5), the augmented form of Kepler’s
equation.

Equations of Motion

The equations of motion for the time rates of change of the
equinoctial elements may be found in Refs. 7 and 8 and are given
next. The time rates of change of the semimajor axis a, mean lon-
gitude ¢, and parameters P;, P,, O, and Q, are

da 2

a . )4
—=2— [(P2 sinL — PycosL)Ag + —AT:I (12)
dr h r

de TH % (2) (P sinL + PycosL)+22 |a
—=n-- - in -
dr AIFEACT AR 2608 a|*

a
+—(1 + £)(P1 cosL — PysinL)A,
a+b r

+(Q1cosL—stinL)AN} (13)

dP, r
IV P osiAg+ | P+ (142 ) sinL |4,
dr h r r

— Py (QicosL — Q, sinL)AN} (14)
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dp, ryp . p
— =—31—sinLAzx+|P,+ {14+ —)cosL|Ar
dr hilr r

+P1(Q1cosL—stinL)AN} (15)
do, r .
= =5 (1+ 01+ 0)sinLAy (16)
and
d0, r
— = E(l + 02+ 03)cos LAy (17

where b=a./(1 — P? — P}), which is the semiminor axis, and
h = nab, which is the specific angular momentum. The useful ratios
p/r andr/h are defined by p/r =14 P;sinL + P,cosL and

r h

h ™ w4+ P sinL + PycosL)

respectively. The mean orbital motionis givenby n = /(u/a*). The
variables Ag, A7, and Ay represent the perturbing accelerations,
defined in the next section.

Perturbing Accelerations

If the perturbingaccelerations Ag, A7, and A y are all identically
equalto zero, then the differentialequations(12-17) describethe tra-
jectory of a spacecrafttravelingin an orbit whose elementsa, Py, P,,
Q,, and Q, are fixed, with mean longitude £ advancingat a constant
rate. However, in this work, a spacecraft with a low-thrust propul-
sion systemis modeled. Thus, the perturbingaccelerationsare small
but significant, causing the orbit to change over time. In addition,
the gravitational attraction of the moon during the Earth-departure
phaseofa transferand the gravitationalattractionof the Earth during
the lunar-arrival phase are modeled as perturbations. Thus,

Ag =T cosasin B + S (18)
Ar =T cosacosf + 3y (19)
Ay =Tsina + 3y (20)

where I is the spacecraft’s instantaneousthrust accelerationmagni-
tude, « is the thrust acceleration pointing angle measured out of the
instantaneous orbit plane, and B is the in-plane thrust acceleration
pointingangle. The angle « is positiveif the thrusthas a component
in the direction of the orbit angular momentum vector. The angle

cQucwy — SQLySwy Sty
[S]= | sQucwy + cQyswyciy

Swp Sty

B is zero if the thrust is directed normal to the radius vector and is
positive if the thrust has a radially outward component. The thrust
pointing angles & and § are the control variables for this problem.
The variables I, 7, and Iy are the third-body perturbing accel-
erations in the radial, transverse, and normal directions relative to
the instantaneousorbit plane.

The change in thrust acceleration as propellant is consumed is
modeled by

ar- 1,
dt ~ ¢ r 2D
where c is the effective exhaust velocity of the propulsion system.
The effectiveexhaustvelocityis defined by ¢ = gy I, where gy is the
gravity magnitudeatthe surface of the Earth, whichis approximately
9.81 m/s?, and I, is the specific impulse of the propulsion system.
Thus, different low-thrust propulsion systems with varying specific
impulses may be analyzed.

Defining 3 = {3z, 37, Sy }7, then,

Iy = —MM[’# + ’f—M} (22)

Ms  TEm

istheperturbingaccelerationof the moon duringthe Earth-departure
phase and

3= —ME[’% - "i—M} (23)
Tes  Tem

is the perturbing acceleration of the Earth during the lunar-arrival
phase.!® Here, rys and rgg are the positions of the spacecraftrelative
to the moon and Earth, respectively, and rgy is the position of the
moon relative to the Earth.

The positionof a spacecraftrelative to the local coordinatesystem
may be computed using

rcosL
r=[R]| rsinL (24)
0
where
1+ 0+ 02
1-07+ 03 20,0, 20,
X 20,0, 14+ 07— 03 =20, (25)
=20, 20, 1-01-03

andr =a(l— P, sin K — P, cos K). Thus, Egs. (24) and (25) may be
used to find eitherrys or rgs. If used to find rgs, equinoctialelements
appropriateto an Earth-centeredorbit are used in Egs. (24) and (25)
and rgg will then be expressed on an ECI basis. If used to find rys,
equinoctial elements appropriate to a moon-centered orbit are used
in Egs. (24) and (25) and rys will then be expressed on an MCNR
basis, which is a basis that translates but does not rotate as the moon
travels about the Earth. The position of the moon relative to the
Earth, rgy;, is computed in the ECI reference frame using

ay(cos Ey —ey)

rem = [S]| ay /1 — €, sin Ey (26)

0
where
_CQMSCL)M - SQMCC()MCLM SQMSLM
—sQuswy + cQuycwycly —cQuyuSty 27
Cwp Sty Cly

as described in Ref. 10. In Eq. (27), ¢ denotes cos() and s denotes
sin( ). Here, the lunar orbital elements a,, and e, are assumed to be
60.27R4 and 0.0549, respectively,the actual mean values, where Ry,
is the mean equatorialradius of the Earth. The lunar orbitinclination
with respect to the equatorial plane varies between approximately
18.2and 28.5 deg; aninclinationof 25 deg is chosen for the example
transfers presented here. The positions of the node and the line
of apsides circulate; for this model ), =wy =0 is assumed for
convenience;the choice does not affect the difficulty of solving the
problem. Of course, the exact values for all of the orbit elements for
a given departure date would be used if that date were known. In
any event, the initial true longitude of the moon does not affect the
transfer because the spacecraftis allowed to coast until the relative
position of the spacecraft and moon is such as to minimize the
powered flight time. The eccentric anomaly of the lunar orbit, E;,
is determined from Kepler’s equation:

My =Ey —eysinEy (28)
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where My, =ny,t and is known as the lunar mean anomaly, where
ny = /(e /ai,) is the lunar mean orbital motion. In this work, the
valueof the lunarmean anomaly at zero time is consideredto be zero.
Equation (28) is solved using the Laguerre method of Conway.!!

With rgg and rgy found, as described, on the ECI basis, J ;; found
as the right-hand side of Eq. (22) will also be expressed on the ECI
basis. The gravitational perturbationJ j,; must then be resolved into
components in the spacecraft-fixed radial, tangential, and normal
directions for use in Eqs. (18-20). This is accomplished by the
transformation

3w (ocal) = [T [R]'S 4 (ECD) (29)

where

cosL —sinL O
[T]=|sinL cosL O (30)
0 0 0

Similarly, when rys is found as described, on the MCNR basis,
and with rgy determined on the MCNR basis through

ay(cosEy —ey)

TeM = | ay+/1 — €% sinEy (26a)

0

then J ; found as the right-hand side of Eq. (23) will also be ex-
pressed on the MCNR basis. As described in the preceding para-
graph, the gravitational perturbationJ ; must then be resolved into
components in the spacecraft-fixed radial, transverse, and normal
directions for use in Eqs. (18-20). This is accomplished again by
the transformations (29) and (30), with the only difference being
that the true longitude L is now determined using Egs. (6) and (7)
using equinoctial variables appropriate to the moon-centered orbit.

Earth-Phase to Lunar-Phase Boundary Conditions

As mentioned, the system state variables are the equinoctial vari-
ables plus the thrust acceleration,i.e., [a, Py, P, O, Q,,¢,T']. At
the point where the trajectory switches from the Earth-departure
phase to the lunar-arrival phase, which is chosen to be the first point
in the discretized time history such that the spacecraftenters within
25 lunar radii of the moon, a transformationis made from equinoc-
tial elements appropriateto Earth-centeredmotion (perturbedby the
moon) to equinoctial elements appropriate to moon-centered mo-
tion (perturbed by the Earth). Note that, in this work, unlike models
that use a patched-conic approximation, this switch may be made
at any point without affecting the dynamics because a three-body
gravitational model is always used. One method for accomplishing
the transformation uses the continuity of the absolute position and
velocity of the spacecraft. At any time,

rgs = rem + I'vis 31
and
VEs = VEM T VMs (32)

where vgg is the velocity vector of a spacecraft relative to an ECI
coordinate system, vgy is the velocity vector of the moon relative
to the ECI system, and vys is the velocity vector of the spacecraft
relative to an MCNR coordinate system. Vectors rgs and rys may be
found from Egs. (24) and (25) but with each position vector found
as a function of the local equinoctial elements. The velocity vectors
vgs and vys of the spacecraft may be determined in terms of the
local equinoctial elements using

—P; —sinL
v = [R](%) P, +cosL (33)
0

The lunar position rgy may be computed using either Eq. (26) or
Eq. (26a), and the lunar velocity vgy may be determined using

—UE > sin E
V1—ey, —
hy M1 —eycosEy
vem = [S] ﬁ(l 2 ) cos Ey, (34)
hy MJl — ey cosEy

0

where /), is the specific angular momentum of the moon. Using the
transformationmatrix in Eq. (27), the vectorsrys and vys, which are
originally expressed on the MCNR basis, may be expressed on the
ECI basis. Then Eqgs. (31) and (32) yield six nonlinear constraint
equations involving the two sets of equinoctial variables; enforc-
ing these constraints when the problem is solved accomplishes the
transformation of variables from the Earth-departure phase to the
moon-arrival phase. Of course, the thrust accelerationI" is continu-
ous across this transformation.

However, the thrust acceleration magnitude must be computedin
terms of the local coordinates. Because canonical units (i = 1) are
used throughout, the thrust acceleration magnitude conversion be-
comes one of unit conversion. The length units (LU) and time units
(TU) in each phase are chosen such that the gravitational constant u
is unity. (In these canonical units, 2 TUs would represent the pe-
riod of a circular orbit at the surface of the attracting body.) The LU
and TU for the Earth are 1 LUg =6378 km and 1 TUg =806.8 s,
respectively,and for the moon the LU and TU are 1 LU, = 1738 km
and 1 TU,, = 10355, respectively. Thus, the thrustaccelerationmag-
nitude at the end of the departure phase and the beginning of the
arrival phase are related by

s (LUg /TU2) = 'y (LU, /TU2) (35)

To correctly account for the differences between units used for the
quantities in the constraint equations (31) and (32), the units for
distance and time for the lunar-arrival phase were converted to the
units used for the Earth-departure phase.

Initial and Final Orbit Conditions

The initial orbit of the spacecraftis assumed to be a circular, GEO
inclined at an angle of 28.5 deg to Earth’s equatorial plane and hav-
ing aradius of 6.63Rg,. Thus, initially,a = 6.63, e=0,and i =28.5
deg with true anomaly f free to be optimally chosen. Because the
initial orbit is inclined to the Earth equatorial plane, it is three di-
mensional irrespective of the initial values of the longitude of the
ascending node and argument of perigee. Thus, the initial values of
the longitude of the ascending node and argument of pericenter are
assumed to be zero, i.e., 2 =w =0. The initial magnitude of the
thrust acceleration is arbitrarily chosen to be 10~* LU/TU*(= 10~*
g). Therefore, using Egs. (1-4), the initial conditions for the states
in the Earth-departure phase of the transfer are determined to be

x;={a, ¢, P, Py, Q1, 0, T}
= {6.63, free, 0,0, 0, 0.254, 107*}7

where the initial value of mean longitude £ in the departure phase of
the transferis free to be optimally chosen due to the free initial value
of f. The final orbit of the spacecraftis chosen to be a circular lunar
polar orbit with a specified final orbit radius, for example, a final ra-
diusof 2R, where R, is the moon’s mean equatorialradius. There-
fore, the final conditions for the states in the lunar-arrival phase are

xp={a,t, P, P, Q0 0Oy, F}T
= (specified, free, 0, 0, 0, 1, free}”

where, again, the final value of ¢ in the arrival phase of the transfer
is free to be optimally chosen due to the free final value of f. The
final value of I" is also a free variable. However, this final value must
be appropriateconsideringan initial value of the thrust acceleration
magnitude of 10~ and the amount of propellant consumed during
the (optimized) transfer time.

Direct Method

There are many possible ways of solving optimal control prob-
lems using direct methods. All such solution methods discretize or
parametrize the time histories of the state or control variables (or
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both) and then constructequationsof constraintthat enforce the sys-
tem differential equations, at various interior points, and any speci-
fied boundary conditions. Perhaps the most familiar direct method
is that of Hargraves and Paris'? because it is the basis of the OTIS
program.'® In this method the constraintequation or defect (in their
terms'?) causes the system differential equations to be integrated
across each time segment according to Simpson’s rule.> Formulat-
ing these equationsof constraintusing higher-orderintegrationrules
has the same advantages as using higher-order rules, e.g., fourth-
order Runge-Kutta, fornumerical integration;fewer time steps need
be used to achieve the same accuracy. This has been demonstratedin
numerical experimentsby Herman® and Herman and Conway.'* For
direct methods, such as the one used here, in which the discretized
optimization problem is solved as an NLP problem, the reduction
in the number of time steps yields a direct reduction in the number
of NLP variables.

The solutionmethod used in this work is a seventh-degreeGauss—
Lobatto collocation method described by Herman and Conway'*
and Herman.’ In this method an approximate solution to a sys-
tem of first-order differential equations of the form x = f (x, t) is
constructed on a time history that has been discretized. Parame-
ters are used to represent values of the states x; at discrete times
t;. Collocation constraints are then formulated by first constructing
seventh-degreepolynomialsusing the state parameter values and the
system equations evaluated using the state parameters and discrete
values of the control variables. Requiring the first derivative of the
seventh-degree polynomial representing a given state to equal the
system differentialequation for that state at three points within each
time segment yields three constraintequations. The locations of the
three collocation points are chosen to minimize the error of the im-
plicit integration. Note that this process of creating constraints is
qualitatively similar to the direct method of Hargraves and Paris!?
but that method uses only a third-degree polynomial and yields just
one constraintequation per segment.

The discrete values of the state and control variables, the time at
which powered flight is begun, and the final time become parame-
ters for the optimizer to choose to minimize the objective function,
which is the flight time. The constraintequations described, which
enforce satisfaction of the system equations (12-17) and (21), are
nonlinear in these parameters, as are the earlier described transfor-
mation equations (31) and (32) of the equinoctial orbit elements
from an Earth-centered reference to a moon-centered reference as
the spacecraft approaches the moon. Thus, the problem is an NLP
problem, which we solve using the routine NZOPT.!

Initial values for the parameters used to discretize the solution
time histories must be provided before the NLP algorithm can com-
pute the first step in which to begin the optimizationsearch process.
In this research, the initial values of the states are computed using a
trajectory that is integrated without concern for the boundary condi-
tions or for optimality. The initializationtrajectory for the departure
phase is computed using starting conditions that correspond to a
circular, geostationary orbit. In the arrival phase, the initialization
trajectoryis determined with a backward integrationfrom a circular,
equatorial orbit with a radius equal to the specified final orbitradius.
Inboth phases, the control variables« and 8 are assumed identically
zero throughout the initial trajectory computation. Thus, the thrust
pointing direction is always transverse to the instantaneous orbit
radius vector. The initialization trajectories for the departure and
arrival phases are integrated until the semimajor axis reaches values
of 60Rg and 25R ), respectively. Theseinitializationtrajectoriesare
two-dimensional trajectories that do not satisfy the boundary con-
ditions relating the state of a spacecraft at the end of the departure
phase to the state of the spacecraft at the beginning of the arrival
phase. In addition, third-body effects are not considered in the com-
putation of the initialization trajectories. Thus, the initial values of
the discretization parameters for the state and control variables do
not correspond to a feasible solution, let alone an optimal solution.

The optimizer, NZOPT, also requires the partial derivatives of
the system constraints with respect to each of the free parameters.
These are computed numerically using the IMSL routine F2JAC.!¢
This numerical routine computes the Jacobian of a vector function
using forward differences.

Results

Inthissectionthe results of the Earth-moon orbittransferproblem
already described are presented. In all cases the number of subin-
tervals used for the Earth-departure and lunar-arrival phases are 20
and 10, respectively. In addition, the final lunar radius is arbitrarily
chosen to be 2R, the I, was set to (a realistic value of) 5000 s,
and third-body effects are included for case A. For case B, the third-
body effects are not modeled (for comparison to the results of case
A). Case C is the same as case A with the exception of Iy, which is
set to 2500 s. Finally, case D is the same as case A except that the
final lunar orbit radius is specified to be 3R, again for comparison
purposes. These cases are summarized in Table 1.

There is very little difference in flight time (and, hence, in final
mass) for cases A and B, whose only difference is the inclusion
of third-body gravity. For case C, where the engine is assumed
much less efficient but that is otherwise the same as case A, the
flight time is reduced. This is because the propellant is consumed
more rapidly to produce the same thrust, so that the less massive
spacecraftof case C has a higher thrustaccelerationat all times than
the spacecraftof cases A or B. The spacecraftof case D uses the least
propellant because it operates approximately two fewer days than
the spacecraft of the other cases to insert into a higher lunar orbit.

The trajectories of case A are described in Figs. 1-11. The de-
parture phase of the optimal orbit transfer is shown in Fig. 1 and is
described by Figs. 2-4; the arrival phase is shown in Fig. 5 and is
describedby Figs. 6-11. The semimajor axis and orbit radius for the
departureand arrival phases are shownin Figs. 2 and 6, respectively.
The semimajor axis increases monotonically as energy is added to
the orbitduringthe departure;it decreasesas energyis removed from
the orbitduringarrival. Time historiesof the orbiteccentricityfor the
departureand arrival phases are shownin Figs. 3 and 7, respectively.
The inclinationtime history of the departurephaseis shownin Fig. 3.
Change in inclination occurs primarily near the end of the departure
phase, as expected because the spacecraft is moving more slowly
when distant from the Earth and inclination change is less costly.
The inclination changes little during the arrival phase, as shown in
Fig. 11, because the vehicle is in nearly a polar orbit as it begins to
orbit the moon. (This is also clear from Fig. 5, where only the X-Z
projection, in lunicentric coordinates, is shown.) Thrust accelera-
tion pointing angles for the departure and arrival phases are shown
inFigs.4 and 8, respectively. The initial orbit transfertime, when the
spacecraft begins powered flight, and the final orbit transfer time,

Table1 Summary of Earth-moon orbit transfer cases

Final lunar Ratio of Time of
Three orbit radius, final/initial flight,
Case body I, s Ry mass, % days
A Yes 5000 2 94.2 33.54
B No 5000 2 94.3 33.32
C Yes 2500 2 88.7 32.67
D Yes 5000 3 94.6 31.15
4
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Fig.1 Case A departure phase: three-dimensional view of the trajec-
tory.
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Fig.2 Case A departure phase: semimajor axis and radius time histo-
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Fig. 4 Case A departure phase: time histories of thrust acceleration
pointing angles; angle 3 is measured in-plane; o is measured normal to
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when the spacecraft completes the transfer, are free to be chosen by
the NLP algorithm. In case A, the optimal orbit transfer is initiated
at5.286 days past the time of lunar perigee and continues until 38.83
days past perigee, resulting in a total transfer time of 33.55 days.

In case B, the third-bodyperturbingaccelerationsare notincluded
in the system model, i.e., 3 ,, =3 ; =0 in this case, which is oth-
erwise the same as case A. Powered flight is initiated at 4.969 days
past the lunar perigee and continues until 38.29 days past perigee,
resulting in a total transfer time of 33.32 days, which is only 0.23
days less than that for the three-body case A. Cases A and B are
compared in Figs. 9-11. The departure-phase semimajor axis time
history for case B is almost indistinguishable from that of case A
(shown in Fig. 2) and, thus, is not shown. This result was expected
because the disturbingacceleration of the moon on the spacecraftis
negligibly small while the spacecraftis near the Earth. The arrival-
phase semimajor axis time history is shown in Fig. 9, in which the
influence of the moon as the spacecraft approaches the moon is ev-
ident. The eccentricity and inclinationtime histories shown in Figs.
10 and 11 also show a significant difference when third-body ef-
fects are considered. However, the eccentricity time histories are
essentially the same but shifted in time to reflect the fact that the
optimal transfer, when third-body effects are included, begins ap-
proximately 0.3 day later than when third-body effects are ignored.
In addition, the differences in orbit inclination in the arrival phase
are exaggerated by the scaling of the figure. The results are much
more completely presented in Ref. 9.

Conclusions

The method of collocation with NLP has successfully solved a
trajectory optimization problem that is difficult due to the long flight
time and the many-revolutiondepartureand arrivaltrajectories. With
this method the problem may be solved in one step for arbitrary fi-
nal lunar orbit inclinations; the problem does not need to be divided
into stages that require matching at one or more points, and that
may yield a combined trajectory that is suboptimal. The Earth-
moon orbit transfer problem solved is quite realistic. For instance,
the spacecraftis considered to be initially in a plane that is inclined
to the Earth equatorial plane and transfers to a final polar lunar orbit
(the mostuseful orbit for lunar mapping). The orbitof the moon used

in the model is the actual, eccentric orbit, in a plane inclined to the
Earth’s equatorial plane, resulting in a complex, three-dimensional
problem. In addition, third-body effects are included during both
the Earth-departureand lunar-arrival phases. Finally, representative
electric propulsionspecific impulsesand thrustmagnitudesare used,
yielding total transfer times of approximately one month.

The perturbing effect of the Earth’s gravity on the lunar-arrival
trajectory is significant. The perturbing effect of the moon’s gravity
influences only the very end of the Earth-departurephase. A change
in specific impulse does affect the orbit transfer with a significant
change in transfer time as well as changes to the departure and ar-
rival trajectories. A change in the final desired lunar orbit radius has
no significant effect on the departure phase, and the only significant
effect on the overall problem is a shorter transfer time.

The solution method applied successfully in this work should
have no difficulty solving a problem with a larger initial low-thrust
accelerationthan the 10~ g assumed here and, thus, involvingfewer
revolutions of the Earth and moon because the system equations of
motion (implicitly) integrated in the determination of the optimal
trajectory are the exact variational equations, i.e., no assumptions
are made with regard to the magnitude of the variation of the or-
bit elements over each orbit. If the initial acceleration is instead
made smaller, the method is likely, based on experience with its use,
to solve the problem successfully. To maintain the same accuracy,
it will be necessary to allocate more segments and, hence, more
discrete states and controls; however, the seventh-degree Gauss—
Lobatto method may provide sufficient accuracy for a problem
with the same number of NLP variables and, hence, a coarser
discretization.
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